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Introduction

Important legislation concerning water quality (WQ):
Water Framework Directive (WFD)

Major goal: maintain and improve the aquatic environment

In Flanders: VMM → develop basin management plans

Detect impact of previous actions. Assess improvement/trend
in WQ
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The Yzer Catchment

Chapter 1. Introduction

Figure 1.1: The Yzer catchment. In the left panel the main river is shown and the
three parts are indicated. In the right panel the entire catchment is given
along with the sampling locations of the VMM (indicated with black
circles)

Figure 1.1. The total area of the catchment is 1101 km2. Its spring and one third
of the catchment is located in France, two thirds are located in Belgium. The
stream length is 76 km and 44 km of it is located in Belgium. At the French border
the river is relatively narrow, between 8 to 10 m. The river gets graduallywider
to reach a width of 20 to 25 m near to its mouth at Nieuwpoort, Belgium. The
river enters the North Sea by a complex of sluices. In Belgium, the river can be
subdivided in 3 major parts. Part I is an area where the river is more or less in
its original state. In part II, the river is straightened and has marshes to itsright
side. In part III, the river has artificial dammed banks (De Rycke et al.,2001).
The Yzer is used for the production of potable water, so that the water should meet
the standards for this production. However, the river is subject to eutrophication
due to the high nitrate and phosphate concentrations originating from intensive
agricultural activity. Besides the agricultural pollution, other sources are from an
industrial origin and from untreated sewage discharged by households.

In most chapters we will illustrate our methods on five sampling locations where a
considerable amount of data is available. The five sampling locations are located
along two joining river reaches.
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3 mouth Nieuwpoort: complex
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2 Nitrate Data

1 Sampling location 1:
dependence in time

2 Seasonal variation and trend
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The Yzer Catchment

1.2 Introduction to the data used in this study

S1 S2

S3

S5S4

Figure 1.2: Top Left: Network topology of the sampling locations. Bottom Left:
Map of the river reaches considered in this case study. Locations S1,
S2, S4 and S5 are located on the Yzer river while location S3 is lo-
cated on a joining creek. Right: Map of the part of the Yzer catchment
located in Flanders, Belgium. The area considered in this study is indi-
cated with the ellipse and the five sampling locations are indicated with
black dots

Sampling locations S1, S2, S4 and S5 are located on the Yzer while sampling loca-
tion S3 is located on a joining creek. Their river network topology and locations in
the catchment are shown in Figure 1.2. Monthly observations are available between
January 1990 and August 2004.

1.2.1 Data exploration

The nitrate series at each sampling location is presented in Figure 1.3. From the
measurements it can be seen that a number of observations are missing. Forex-
ample all observations of 1995 are missing at the sampling locations of the main
river, and the observations between January 1996 and November 1997 are missing
at sampling location S3. To enable the use of methods that cannot handle missing
data, the nitrate series was augmented with simulated data. To simulate the missing
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Figure 1.3: Nitrate observations at five sampling locations of the river Yzer. Sam-
pling locations S1, S2, S4, S5 are located on the Yzer river while sam-
pling location S3 is located on a tributary

data an additive model that consists of a trend component and a seasonaleffect is
used. An introduction to additive models can be found in Chapter 2. Simulated ob-
servationsyst are generated by using the prediction of the additive modelŷt and by
adding a random residualê∗t to it, yst = ŷt+ ê∗t . The augmented dataset is presented
in Figure 1.4. When this augmented dataset is used, we ignore that missing data
was present and we act as if all the data from the augmented dataset was observed.

An interesting method for a first examination of the water quality is the use of the
loess scatterplot smoother (Cleveland and Grosse, 1991; McMullan, 2004). The
loess smoother is based on local polynomial regression and a more detailed de-
scription can be found in Section 2.2.3. Cleveland et al. (1990) developeda loess
based method to decompose the data into a seasonal (S), a trend (T ) and a residual
(R) component. They referred to it as the STL procedure. Suppose that the re-
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1 Spatial dependence structure

2 Spatio-temporal dependence structure

3 Observation model
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Spatial dependence structure (SDP)

S = AS + γ

River networks:

The water flows in 1 direction
→ Causal interpretation of
correlations
Unidirectional correlation
structure

Isolated river: Directed Acyclic
Graph
→ conditional independence

A =

26664
0 0 0 0 0

ρ12 0 0 0 0
0 0 0 0 0
0 ρ24 ρ34 0 0
0 0 0 ρ45 0

37775
γ ∼ MVN(0,Σγ) , Σγ diag
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Spatio-temporal dependence structure

St = ASt + BSt−1 + ηt Unidirectional dependence in
time

Assumption: observation at t
only depends on observation at
t − 1 → AR(1) process

B Diagonal matrix with AR coef
(only monthly observations)

ηt ∼ MVN(0,Ση) (Ση diag)
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Spatio-temporal dependence structure

St = ASt + BSt−1 + ηt

St = ΦSt−1 + δt

Unidirectional dependence in
time

Assumption: observation at t
only depends on observation at
t − 1 → AR(1) process

B Diagonal matrix with AR coef
(only monthly observations)

ηt ∼ MVN(0,Ση) (Ση diag)

Φ = (I − A)−1 B

δt ∼ MVN(0,Q),
Q = (I − A)−1 Ση (I − A)−T
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Observation Model

{
St = ΦSt−1 + δt

Yt = St + εt

Model of S only holds for isolated
river model

Reality: disturbance
→ put S in observation model

Error term: εt ∼ MVN(0,Σε)
→ spatial correlation due to
disturbances

Up to now only covariance
structure modelled

Mean model:

E {Yt} = Xtβ
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Observation Model

{
St = ΦSt−1 + δt

Yt = Xtβ + St + εt

Model of S only holds for isolated
river model

Reality: disturbance
→ put S in observation model

Error term: εt ∼ MVN(0,Σε)
→ spatial correlation due to
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Parameter Estimation

Kalman Filter and Kalman Smoother

ECM algorithm

E step: Calculate expected log likelihood of State Space model
CM step1: Parameters dependence structure
CM step 2: Parameters of the mean model
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Kalman Filter

State Space model: likelihood can be factorized using the Kalman
Filter

E [St |t − 1] = at|t−1 = Φat−1

E [(St − at|t−1)(St − at|t−1)
T ] = Pt|t−1 = ΦPt−1Φ

T + Q
E [St ] = at = at|t−1 + Pt|t−1F

−1
t vt

E [(St − at)(St − at)
T ] = Pt = Pt|t−1 − Pt|t−1F

−1
t Pt|t−1

E [vtv
T
t ] = Ft = Pt|t−1 + Σε

with innovation vt = (Yt − at|t−1 − Xtβ)

log LY =
N∑

t=1
log Lyt|Yt−1

∼ −1
2

N∑
t=1

log |Ft | − 1
2

N∑
t=1

vT
t Ft

−1vt
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Kalman Smoother

Smoothed estimates at|N for St conditionally on all N
For t = N − 1, . . . , 0

at|N = at + P∗
t (at+1|N − at+1|t)

Pt|N = Pt + P∗
t (Pt+1|N − Pt+1|t)P

∗T
t

P∗
t = PtΦ

TP−1
t+1|t

Lag-one covariance smoothers (Digalakis, Rohlick and
Osendorf 1993)
⇒ Forward recursion:

Pt,t−1|t = (I− Pt|t−1F
−1
t )ΦPt−1

⇒ Backward recursion:

Pt,t−1|N = Pt,t−1|t + (Pt|N − Pt)P
−1
t Pt,t−1|t

TIES 2008, June 8 - 13, 2008 L. Clement and O. Thas, BIOSTAT 11/24
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Using the Kalman filter for GLS

Apply same Kalman filter to Yt and each of the columns of Xt

⇒ A p × 1 vector of innovations, Y∗
t on Yt and

⇒ a p ×m matrix of innovations, X∗
t on (X1t, . . . ,Xmt) are

produced.

⇒ Run recursions for Pt|t−1, Pt|t and Ft only once rather than
m + 1 times.

GLS estimator of β becomes

β̂GLS =

[
N∑

t=1

X∗T
t F−1

t X∗
t

]−1 N∑
t=1

X∗T
t F−1

t y∗
t . (1)

vt become vt = y∗
t − x∗

t β̂GLS.

Maximisation possible by classical numerical algorithms

Here ECM algorithm
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Existing EM algorithms

1 lc(Ψ) = log LYN ,SN
(Ψ) the joint log-likelihood of YN and SN .

2 Problem: unobservable state process S

3 Use an EM algorithm (e.g. Shumway and Stoffer 1982)

4 RMN topology: restrictions on parametrisation

⇒ Q and Φ have some parameters in common

⇒ Adapt existing EM algorithm for SS models

5 Presence of the exogenous variables ⇒ use ECM algorithm.

⇒ Split M-step in two CM-steps.

⇒ CM step 1: Update the parameters of the dependence
structure Ψα given the current values of the mean model β.

⇒ CM step 2: estimate of β using the updated values of Ψα.

TIES 2008, June 8 - 13, 2008 L. Clement and O. Thas, BIOSTAT 13/24
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ECM algorithm

1 Choose initial estimates: Ψ0

2 E-step: Calculate Q(Ψ,Ψk
α,βk) = E

{
lc(Ψ)|YN ,Ψk

}
3 CM-step 1: Find the covariance parameters Ψk+1

α that
maximise Q(Ψ,Ψk

α,βk)

4 CM-step 2: Find βk+1 that maximises Q(Ψ,Ψk+1
α ,βk)

5 Repeat steps 2-4 until convergence
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E-step

Q(Ψ,Ψk) ∼ −1

2
E

{
log |ΣS0 |+ ST

0 Σ−1
S0

S0|Y,Ψk ,βk
}

− 1

2
E

{
N log |Ση|+

N∑
t=1

(St − ASt − BSt−1)
TΣ−1

η (St − ASt − BSt−1)|...

}

− 1

2
E

{
N log |Σε|+

N∑
t=1

(Yt − Xβ − St)
TΣ−1

ε (Yt − Xβ − St)|...

}
.

Exponential family ⇒ sufficient statistics |Y

E [St |Y] = at|N

E [StSt |Y] = Pt|N + at|NaT
t|N

E [StSt−1|Y] = Pt,t−1|N + at|NaT
t−1|N .

Maximise the obtained expected likelihood in the CM steps
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CM-step 1: Update parameters of dependence structure

given βk

Q(Ψ, Ψk ) ∼ −
1

2
E

n
log |ΣS0

| + ST
0 Σ−1

S0
S0|Y, Ψk

, β
k

o

−
1

2
E

8<:N log |Ση| +
NX

t=1

(St − ASt − BSt−1)T Σ−1
η (St − ASt − BSt−1)|...

9=;
−

1

2
E

8<:N log |Σε| +
NX

t=1

(Yt − Xβ − St )
T Σ−1

ε (Yt − Xβ − St )|...

9=; .

Σ̂S0 = P0|N

Replace all sufficient statistics by their conditional expectations
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Kalman Filter and Smoother
Parameter estimation algorithms

CM-step 2: Update βk given Ψk+1
α

βk+1: FGLS using Kalman Filter with Ψk+1
α .

Kalman filter is already available for next E step.
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Case Study
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Model for average NO−
3 at Si on time t

E {yi ,t} = µ + αi + βj + (κ)j I(i) + γ1 sin(2πt/12)

+ γ2 cos(2πt/12) + (λ)j ,1 sin(2πt/12) + (λ)j ,2 cos(2πt/12)
Spatio-temporal river network model, a parametric approach
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Figure 5.9: Evolution of the water quality at five sampling locations of the river
Yzer. Sampling locations S1, S2, S4, S5 are located on the main river,
sampling location S3 is located on a tributary which drains into the
Yzer between S2 and S4. The line indicates the model fit obtained by
Model IIIb

Table 5.4: The parameter estimates of the mean model of Model IIIb

parameter value std error p-value

µ 11.91 0.62 <0.0001
β14 −5.65 0.70 <0.0001
β13 −3.42 0.66 <0.0001
β12 −4.01 0.66 <0.0001
β11 −2.72 0.66 <0.0001
β10 −2.88 0.66 <0.0001
β9 −0.22 0.66 0.7400
β8 2.10 0.66 0.0014
β7 2.46 0.66 0.0002

138

(i = 1 . . . 5, j = year1, . . . , year14)
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Statistical tests

β̂(Ψα)
d→ MVN(β, (XTΣ−1

YN
X)−1)

Σ̂β = (XTΣ−1
YN

(Ψ̂α)X)−1.

A general linear hypothesis to compare the means:
Hβ = 0, where H is the r × q hypothesis matrix.

Test: T = (Hβ̂)T (HΣ̂βHT )−1(Hβ̂)
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Statistical tests

H0:
Mean 2003 equal to
Mean 2001-2002

H1:
Mean 2003 different from
Mean 2001-2002

Test contrast p-value

Main river (“Regional”)
2003 ↔ 2001-2002 -2.54 0.016

2003 ↔ general mean -2.88 0.0005
Joining creek (S3)

2003 ↔ 2001-2002 -1.32 0.56
2003 ↔ general mean -8.40 < 0.0001
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