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Section 11.2 Eigenvalues and Eigenfunctions 691

The situation for the nonhomogeneous problem (1)—(2) is similar. However, there is an
additional possibility: The nonhomogeneous problem may have no solutions. The following
examples illustrate the various situations.

Find all the solutions to the boundary value problem
& Yt +5y=0;
©  y0)=2, y#/M4)=1.

The auxiliary equation for (5) is 72 4+ 2r + 5 = 0, which has roots r = —1 + 2. Hence, a
general solution for (5) is y(x) = c¢je ™ cos 2x + cpe ™ sin 2x. We will now try to determine ¢,
and c;, so that the boundary conditions in (6) are satisfied. Setting x = 0 and /4, we find

WO)=cr=2, ya/t)=ce =1,
Hence,c¢; = 2and ¢, = e”/4, and so problem (5)—(6) has the unique solution

y(x) = 2¢ ¥ cos 2x + e”/4e“"' sin2x . ¢

Find all the solutions to the boundary value problem
7) y' 4+ y = cos2x ;
® Y0 =0, y(m)=0,.

The auxiliary equation for (7) is #> + 1 = 0, so a general solution for the corresponding
homogeneéus equation is y,(x) = €1 cos x + ¢, sin x. As we know from the method of unde-
termined coefficients, a particular solution to (7) has the form yl,(x) = A cos 2x + Bsin 2x.
Substituting y, into (7) and solving for A and B, we find A = —1/3 and B = 0. Hence,
J,,(x) = —(1/3) cos 2x. Therefore, a general solution for (7) is

9  y(x) =ccosx + cysinx — (1/3)cos 2x .

To determine the values c; and ¢,, we substitute the general solution in (9) into (8) and
obtain

Y0)=e=0, y(m)=-c=0.

Thus, ¢; = 0 and ¢, is arbitrary. So problem (7)—(8) has a one-parameter family of solutions,
namely, ‘

y(x) = ¢ cos x — (1/3) cos 2x ,

where ¢, is any real number, ¢

Find the solutions to

(10)  y'+4y=0;

ay - y(=m)=y@), y(-7) =yl .

The auxiliary equation for (10) is #*> + 4 = 0, so a general solution is

(12) y(,\‘) = cy;cos 2x + ¢, sin 2x .
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Chapter 11

Eigenvalue Problems and Sturm-Liouville Equations

Since cos 2x and sin 2x are 77~ (and hence 277-) periodic functions, it follows that y(—r) =
y(r). Moreover, y'(x) = —2¢, sin 2x + 2¢, cos 2x is also 7r-periodic and so y'(—) = y'(r).
Thus, (10)—(11) has a two-parameter family of solutions given by (12), where ¢, and ¢, are the
parameters. ¢

Let’s see what happens if, in the preceding example, we replace equation (10) by the
nonhomogeneous equation

(13) Y+ 4y = 4x .
A general solution for (13) is
(14) y(x) = x + ¢, cos 2x + ¢, sin 2x .

Since y(—m) = —a + ¢, and y(m) = 7 + ¢, we find that there are no solutions to (13) that
satisfy y(—a) = y(a). Thus, the nonhomogeneous boundary value problem (13)—(11) has o
solutions.

The Sturm-Liouville boundary value problems introduced in the preceding section
examples.of two-point boundary problems that involve a parameter A. Our goal is to deterfine
for which values of A the boundary value problem

d dy
(15)\\%—(()&) Tqly + Mrlxly=0, a<x<b, e

N
16)  apla ) +ayy'(a) =0,  byb) +by'(b)=0,

has nontrivial solutlons Such problems are ‘called eigenvalue problems. The nont11v1a1 solu-
tions are called elgenfunctlons and the corresponding number X'an eigenvalue.

One reason eigenvalue problems are important is that, they arise in using the method of
separation of variables to solve _partial differential equatlons (see Section 10.2). It is therefore
worthwhile to keep in mind some 51mp1e examples of these problems that were solved in
Chapter 10.
Dirichlet boundary conditions: "

an 3 =05 ¥(0)=y(1)= 0

which has eigenvalues A, = (nTr/_L) n=1,2, 3 ~» and corresponding eigenfunctions

) = aysin (22

where the a,’s are arbitrary nonzero constants (see Section 10.2).

umann boundary conditions:
Ne 1 bowndary condition

(18) s tay=0: y(0)=yL)=0,

*Readels familiar with linear algebra will recognize these eigenvalues and eigenfunctions as the eigenvalues and elgC:e
vectors for the linear operator defined by %[y] = —(1/r)(py’)’ = (g/r)y, where the domain of & consists of tho
twice-differentiable functions satisfying (16).
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