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SPECIAL INSTRUCTIONS

e Show and explain all of your work unless the question directs otherwise. Simplify all answers.
e The use of a calculator is permitted.

e Answer the questions in the spaces provided on the question sheets. If you run out of room
for an answer, continue on the back of the page.

This exam is an individual exam only. You have 3 hours to complete the exam.

Problem | 1 2 3 4! 5 6 7 || Total
Number
Points
Earned
Points
Out Of | 8 3 9 |16|12| 7 |10 58

This exam consists of 15 pages including this cover page. Check to ensure that it is complete.
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1. Consider the PDE
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(a) Find the equation for the characteristic lines of (1).
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[2] (b) Use a change of variables v(w, 2) = u(z,y) to convert the PDE problem (1) into
the ODE problem s
v 1 1
3 V= Z(SZ - w). (2)

Show all of your work.
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(c) Solve (2). Give the final answer in terms of z and y.
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@ 2. Consider the BVP

d*y  _dy
W—2%+Ay_07 0<.’L'<2, (3&)
dy
—_ i e . b
y(0)=0, ——(2)=0 (3b)

Find the values of A\ for which the given problem has nontrivial solutions. Check all
cases and write down the eigenfunctions.
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(Additional workspace for problem # 2.)
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3. Consider
o &
au Baxg, 0O<zr<L, t>0, (4a)
u(0,t) = a"(L )=0, t>0 (4b)
u(z,0) = f(x), 0<r<lL. (4c)
where
f(z) = sin(4z) + 3sin(6x) — sin(10z). (5)

(a) Apply separation of variables (use F(z) and G(t)) to turn this PDE problem into
a pair of ODE problems.

ke O GLE)

U (4@ Féz M o> -

F’)f (Jl t &

P
S FT AR -0 [ + 26O
_F(O’\:F'{u\%) )
[Hoip in Mo
ovP)

(b) Given that the eigenvalues and eigenfunctions of the BVP in part (a) are
A =n% neN, F,(z) = sin(nz), (6)

find the solution to the system (4). (Note: This means that the hard part of “step
3” has been done for you!)
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(Additional workspace for problem # 3.)
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4. Consider the function

-1 0<zr<l1
x) = - ’ 7
(@) {2 N ™
A plot of the function appears in Figure 1.
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Figure 1: Plot of f(x) for question 4.
(a) Let F(x) be the function to which the fourier sine '_representation of f(x) converges.
Sketch F(x) on the axes below. o
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Figure 2: Axes for question 4(a).
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(b) Let G(z) be the function to which the fourier cosine representation of f(z) con-
verges. Compute G(z).
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4 Ww xifich Afe fatirief cosfng Tepresensatioft of (<] #6n

5. Find a solution for the Neumann BVP on the disk

%+%%+%%=0’ 0<r<a, —-7<O<m, (8a)
%(a,O):f(O), —m<f<m (8b)

In solving the BVP in 8, you can assume that the eigenvalue is positive or zero. Hint:
Recall that u(r,8) should be continuous at § = —m and 6 = n, and that u(r,8) must be

finite at the origin.
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(Additional workspace for problem # 5.)
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(Additional workspace for problem # 5,)
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6. Consider

2
(xy’)'+%y=0, l<z<e u>0, peR (9a)
¥'(1) =0, yle)=0. (9b)

(a) Verify that the problem (9) is a Regular Sturm-Liouville BVP and give the coeffi-
cients.
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7. Find the eigenfunction expansion for the solution to the following non-homogeneous
BVP:

y' + 2y = 7z, O<z<m, (10a)
y(0) = y(m) = 0. (10b)

Page 13 of 15



Math 319 (Dec 12th, 2014) Final Exam (Individual Test Only)

(Additional workspace for problem # 7.)
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7. Find the eigenfunction expansion for the solution to the following non-homogeneous
BVP:

V' +2y =z, 0<z<m, (10a)
y(0) = y(m) = 0. (10b)
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(Additional workspace for problem # 7.)
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