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This exam has 5 questions for a total of 28 points.
SPECIAL INSTRUCTIONS

e Show and explain all of your work unless the question directs otherwise. Simplify all
answers.

e The use of a calculator is not permitted.

e Answer the questions in the spaces provided on the question sheets. If you run out ot
room for an answer, ask for extra paper.

This is a two-stage exam. You have 35 minutes to complete the exam individually, then
you will hand in the tests and join your group to redo the test as a group in the remaining
25 minutes.

This exam consists of 7 pages including this cover page. Check to ensure that it is complete.
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1. A 10 kg mass is attached to a spring with stiffness 10 N/m There is essentially no
friction (or damping). At what forcing frequency will the response of the system be
largest? How will the forced system behave? What is this behaviour called?
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2. Suppose that the equation of motion for a mass-spring system is given by

y(t) = e7*(cos(2t) + v/3sin(2t)) 4 8(cos(2t) — sin(2¢)). (1)
(a) By looking at (1) (i.e., no calculations necessary), answer the following:
i. Is there friction present? Explam
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ii. Is the mass-spring system being forced at the resonance frequency? Explain.
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(b) Express the steady-state part of the motion as a single phase-shifted sine. Give an
ezact value for the phase shift.
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3. Consider a disease where recovered individuals do not

go into a recovered class, but immediately become sus- ‘BI

ceptible again (so this would be a disease for which the S I
body develops no immunity). The diagram for this dis-

ease is shown at left. Assume that S+ I = N, where I 0%

N is constant.
(a) Write down the two ODEs that describe this system.
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(b) Setting u = S/N, v=1I/N, t* =~t, and Ry = BN/, we have u +v =1 and
v = —Row +v, v = Rouv—wv. (2)
mlleipn &

Draw the (u, v) phase plane diagram and indicate the steady states. Note that there
are two cases! Label, when they exist, the disease-free equilibrium and the endemic
equilibrium (EE).
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(c) Use the Jacobian to derive the condition under which the DFE is unstable.
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4. A large mixing tank initially holds 300 litres of brine. Another brine solution, with a salt
concentration of 2 grams/litre is pumped into the tank at a rate of 3 litres per minute.
The mixture in the tank is well-stirred, and is pumped out at the same rate (3 litres per
minute). If the tank initially contained 50 grams of salt, how much salt is in the tank
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O 5. BONUS (3 pts) In the case where the DFE is unstable (question 3(c)), what is the
stability of the EE?
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