Math 225

Final Exam, Individual Test

Apr 17th, 2025

UBC ID #:

Signature:

&

\ ‘7,&

4 A//

¥
|
|
4

1 ,,(/\/l_/’:\‘

NAME (print):

e
=)
@)

G

a place of mind
THE UNIVERSITY OF BRITISH COLUMBIA

Instructor: Rebecca Tyson Course: MATH 225

Date: Apr 17th, 2025 Start Time: 8:30am End Time: 11:00am
Duration: 2.5 hours

This exam has 8 questions for a total of 93 points.

SPECIAL INSTRUCTIONS

IrvING K. BARBER SCHOOL
OF ARTS AND SCIENCES
UBC OKANAGAN

.. Show and_exnlain all of vour work unless the question directs.otherwise . Thera will, .
be no marks for answers without supporting work. Simplify all answers.

You have 2.5 hours to complete the exam individually. There is no group portion for this

exarnl.

Question: 1 g 3 5 6 7 8 | Taqtal
Points: I+ | 11 14 6 13 10 3 <0
Score:

This exam consists of 17 pages including this cover page. Check to ensure that it is complete.



Final Exam, Individual Test

Math 225 (Apr 17th, 2025)

1. Consider the ODE

The direction field for the ODE is shown in Figure 1.
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(a) Solve for the zero isoclines of (1) and draw them on Figure 1 (above). Are the

direction field arrows that cross your zero isoclines pointing the right way? Explain.
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(b) Rewrite the ODE using the Forward Euler method and solve for yn1.
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(b) Below is a plot of the direction field in the first quadrant. Explore the solution with

1 as follows.

the initial condition y(0)

1.

ii. Carefully plot the Forward Euler solution using a stepsize of h

i. Sketch the solution by eye on the direction field.
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Figure 2: Direction field for question 1.

(c) Why do the “by eye” and Forward Euler solutions differ so much? Explain, with
reference to the structure of the Forward Euler method.
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(e) After z =2, the FE method starts to demonstrate problematic behaviour. What is
this behaviour called?

(4:9?.‘4‘/(\6’0 - f‘%(',}L,{,Q,C’, C\)f‘)( ){/(’(( {(/\’(Kj .

[o]

(f) What first order method could you use to obtain a solution that follows the direction
field without generating the observed problematic behaviour?

" ,
1. Name that method: ‘[/Iﬁ(‘ D‘ gyt f"rCL C‘,LL,QQ A

o] [=]

ii. Using this method, plot the solution on the direction field (Figure 2) using a
stepsize of h = 1 (use a different colour and label all three solutions!).

iii. Rewrite the ODE using this method.

2]

P i Z
U e’ | 5 |
Wt \1 ) L. Bl |
”'.'\J R = = - A+ MBP

)
9

Page 4 of 17



Math 225 (Apr 17th, 2025) : Final Exam, Individual Test

2 A 500 litre mixing tank initially holds 300 litres of fresh water. A brine solution, with
a salt concentration of 2 grams/litre is pumped into the tank at a rate of 3 litres per
minute. The mixture in the tank is well-stirred, and is pumped out at a rate of 1 litre
per minute.

(a) When will the tank overflow?
()= 560 + 2
VL) - 56D @ Tt 2D ¥ E7 100 ndentw

(b) Show that the amount of salt in the tank at time t, z(t), is governed by the equation
below. Include a sketch.

dx(t) 1
2 T 3007250 =6
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[6] (c) If the tank initially contained 50 grams of salt, how much salt is in the tank when
it overflows?
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3. Consider the differential equation y" — 4y’ + 4y = e*.
(a) Find the homogeneous solution.
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(b) Use the method of undetermined coefficients to derive a particular solution.
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(c) Use the method of variation of parameters to derive a particular solution. Verify

that you obtain the same particular solution. Your solution must start with the
two constraints that are derived from the variation of parameters assumption.

@ o&/f %()[‘H z Q)“‘ (+) e,?tf ¥ a5 () Lt T ek
- i t
ar! Pl /U\L/ Lt =0

7€
[ 9 & | 2.4 ' 2t = &
(lf) 2@7 + [ @L “y2.t¢€ 3 “

e Y

' \
K{/ BN CU i ¥ %[L& O , 42> /\:y, <
e, ¥ (e © \ v
ar = ="
e f
: o
((TL 2 4
o | 2 26 4 .'t(,}t i tzj e -te
Lk\ z - L < t . . — Z
6 o ()Bp OZ, Ol y .

) % k A C |
up v e g o0 W omoer ﬁDWM b,

(d) Form the general solution.
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[6] 4. Consider the forced mechanical oscillator
y' + by +y=>5sin(2t), b<2 (1)

(a) In the case b > 0, what are the forcing frequency, the natural frequency, and the
resonance frequency of this system?
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(b) In the case where b = 0, what forcing frequency will generate the largest response?
Sketch the hehaviour.
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5. Consider a mass-spring system whose equation of motion is given by

y(t) = & (\/g - @) gl (g)) | )

(a) Write the behaviour as a single phase-shifted sine.
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(b) When are the first two crossings of the equilibrium position at y = 07 Note that
ovttan(v/3) = /3.
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6. Consider a disease model with four classes, S, E, I, and R, where exposed individuals
are all infectious (see Figure 3). Assume that the transmission rate of I individuals is

higher than that of E individuals (i.e. § > a).
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Figure 3: Compartmental diagram for the disease of problem 6.

(a) Write down the system of ODEs corresponding to the compartmental diagram.
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(b) In dimensionless terms, the model becomes

|
\

|

s = —Rypis, 2 7? [g/e)[;) (3a)
' Co (s * ) .

¢ = Rois— (0*+€)e, Cals €l 5 (3b)
i = &e—i, N7 (39
v = €e+i, tis, G 5 (3d)

where the basic reproduction ratio is given by

Ry = (ﬁ—i—oz)N.
7

Since r only appears in the last equation, we can ignore it and focus on the first
three equations. Find the Jacobian of this third order system and evaluate it at the

disease-free equilibrium (DFE).
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(c) The three eigenvalues of the Jacobian at the DFE are

1
M=0, dog=> (- +e+ ) EVEF T+ 4G e - R05*)) . (4)

where §* = 6/ and €* = ¢/v. Using this information, determine the conditions on
R, for the DFE to be unstable.

Hint: Look carefully at the eigenvalues before diving into the calculations. The
calculations you need to do are short and simple!
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7. Using the method of Laplace Transforms, solve the initial value problem
y' =5y +6y=12¢t, y(0)=1, y'(0)=0.

When applying the Laplace or inverse Laplace transform, indicate at each step which
properties you used (properties are listed on the last page).

(Eztra workspace on the next page.)
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(Extra workspace for question# 2.)
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8. Express the function below using window and step functions and compute its Laplace

transform. ,
0 O<t<Z
g(t) =1 . .
sin(t) t> 7%
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Some Potentially Useful Information

BRIEF TABLE OF LAPLACE TRANSFORMS

f(#) F(s) = L{f}(s) () F(s) = L{f}(s)

1 )
1 - s>0 e , S>a

8 S§—a
n n! _ b
", n= 1,2, Sn_—l-T’ s>0 Sll’l(bt) SQ——f—bQ, §>0

s . n!
COS(bt) 82——|—bz, §>0 ett, n= 1,2, m7 s>a
b §—a

at . at
€ Sln(bt) (S — a)2 T b2’ s>a € COS(bt) m, s>a

BRIEF TABLE OF PROPERTIES OF THE LAPLACE TRANSFORM

™~ /‘(_{'/:\.l_-/\]/\ arc(.,\,wt\.n(p/.n/\,
LoL =S VR datlyy s i Liy ol

P2 L{cf(t)} () = cL{F(B)} (s)

P3  L{e“f(t)}(s)=L{f}(s—a)

P4 L{f'}(s) =sL{f}(s) - f(0)

P5  L{f"}(s) = L{f}(s) — sf(0) — £(0)

P6  L{f™}(s) —S"E{f}( )—s"-lf( ) = s"2f(0) — ... — f(0)
)

P7T  L{"F)}(s) = (- )dsn(ﬁ{f}( s))

LAPLACE TRANSFORMS OF DISCONTINUOUS FUNCTIONS

Let F(s) = L{f}(s) exist for s > @ < 0. If a is a positive constant, then
L{f(t — a)u(t — a)}(s) = e F(s),

and, conversely, an inverse Laplace transform of e™*F'(s) is given by

L7 e ™ F(s)} = f(t — a)u(t — a).
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