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1. Concept Questions.

(a) Write down a first order ODE that gives rise to the phase line below.
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(b) When a first order ODE is exact, the solutions of the ODE represent special curves
associated with a three-dimensional function. What are the special curves called
and why does the ODE represent these curves?
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(c) Write down the ODE for a mass-spring oscillator that is critically damped and
forced sinusoidally at some arbitrary frequency 7.
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(d) In an earthquake, some buildings will collapse while others, right beside the col-
lapsed building, will remain standing. Why?

« e 5 Hea Hee et e
LA D ey
A

Uy ool

Page 2 of 12



Math 225 (April 17th, 2024) Final Exam

(e) Under what circumstances will the solution of a forced undamped mass-spring os-
cillator give rise to beats? If the forcing frequency is 7, what is the beat frequency?
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(f) For the underdamped mass-spring oscillator below, write down the form of the
transient and steady state solutions, and identify each one.
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(g) Use the formula for Ry to explain the conditions that give rise to an epidemic for
an SIR disease.
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(j) When can the method of Laplace Transforms not be used to solve an ODE? Why?
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(k) List two contexts in which Taylor Series appeared in the course.
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(1) The Forward Euler method is ezplicit, while the Backward Euler method is implicit.
Why?
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End of Concept Questions
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2. Consider the ODE
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(a) Is the ODE linear or nonlinear? Why?
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(b) Solve the ODE.
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3. A 3 kg mass is attached to a spring with spring constant k¥ = 300 N/m. At time ¢t = 0
the mass is pulled right 1 m, given a leftward velocity of 10 m/s, and released.

(a) Determine the equation of motion for the mass.
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(b) What is the maximum rightward displacement and at what time is it achieved?
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4. Use the method of variation of parameters to find a general solution to the differential
equation
y// o 2y/ +y — e—3t‘ (1)

Be sure to work from the system of two constraints on vi(t) and vj(t).
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@ 5. Suppose water containing salt at a concentration of 4 kg/L enters a tank of volume V
that initially contains 2(0) = 0 kg of salt. The rate of flow of brine into the tank is 5
L/min. The outflow rate is the same.

If the mass of salt in the tank after 10 min is 156 kg, show that the volume of the tank
is determined by the transcendental equation
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6. Solve the IVP below using the method of Laplace Transforms. When taking the Laplace
transform of the ODE, identify each of the properties that you use (consult the formula
sheet).

ty' —ty' +y=2  y(0)=2 ¢ (0)=-1
Hint: You should get the following ODE for Y (s):
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Extra workspace for question #6
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Some Potentially Useful Information

BRIEF TABLE OF LAPLACE TRANSFORMS

ft) F(s) = L{f}(s) f(t) F(s) = L{f}(s)

1
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BRIEF TABLE OF PROPERTIES OF THE LAPLACE TRANSFORM

PL L{A®) + ()} (s) = L{A®)} (s) + L{f2(2)} (s)
P2 L{cf(t)} (s) =cL{f(t)} (s)

P3 L{e*f F@)}(s)=L{f}(s—a)

P4 L{f'}(s) = sL{f}(s) — f(0)

PS5 L{f"} (s) = s"L{f}(s) — sf(0) — f'(0)
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