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This exam has 5 questions for a total of 24 points.

SPECIAL INSTRUCTIONS

e Show and explain all of your work unless the question directs otherwise. Answers
without accompanying work are worth zero. Simplify all answers.

e The use of a calculator is not permitted.

e Answer the questions in the spaces provided on the question sheets. If you run out of
room for an answer, ask for extra paper.

This is a two-stage exam. You have 35 minutes to complete the exam individually, then
you will hand in the tests and join your group to redo the test as a group in the remaining
35 minutes.

This exam consists of 5 pages including this cover page. Check to ensure that it is complete.
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1. Find the general solution of the differential equation 4y” — 4y’ +y = 0.
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2. Consider a mass-spring system with m = 10, b = 0.1 and k£ = 10. At what forcing
frequency ~y will the response of the system be largest?
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@ 3. Use variation of parameters to express the particular solution to the ODE below us-
ing integrals (do not attempt to solve these!). Then write the general solution. The

fundamental solution set is {e?, e™*}.
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4. A 1/4 kg mass is attached to a spring with stiffness 1 N/m, and damping constant 1/4

Ns/m. The mass is moved 1 m to the left of equilibrium and released.

(a) Write down the differential equation and initial conditions that describe the motion
of the mass.
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(b) Write the equation of motion (given below) as a single phase-shifted sine.

y(t) = —et/? |:cos (@t) - \12_5 sin <\/21_5t>} .
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5. Consider the disease described by the ODEs below.

as dE dl

(a) Draw the compartmental diagram for the disease and state what the quantity 1/9

represents
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(b) Using u = S/N, y = E/N, v = I/N, and 7 = ~t we arrive at the dimensionless
system below. Check that (1,0,0) is an equilibrium (DFE) for this system.
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(c) Usingu+y+wv=1,a=204/v, and R = BN/, we can reduce the dimensionless
system to the 2nd order system below. Write the Jacobian for this system, and
then plug in the DFE.

du:—Ruv—l—v d—U:a(l—u+v)—U.
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(d) The eigenvalues of the Jacobian at the DFE are given below. Assume that 0 < a <
1, and explain why Ry = R in this case.

Big = -;- [(a ~1)++/{a— 12— 41— R)a] .
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