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Final Exam

[3] 1. Consider the ODE

dy _
dt

, k>0.

Which of the direction fields corresponds to the given ODE? Circle it. Then explain

your choice.
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O 2. A tank, of volume 1000 L, is initially filled with z(0) = 0 kg of salt. At time ¢t = 0,
inflow and outflow valves are opened. The inflow valve carries a brine solution containing
0.4sin(t) kg of salt per litre. The inflow and outflow rates are both 10 L/min. Let z(t)
be the amount of salt in the tank at time ¢. Assuming the solution is kept(wllistirred,
determine the amount of salt in the tank at all times ¢ > 0. Include a sketch in your

solution. [ +% o
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O Workspace for problem #2.
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O @ 3. Give the. Taonr series expans‘ion of f (t) = sin(at) about z = 0. The parameter a is an

arbitrary oonstant
O Lo Jlores 1“(0) e wé
2 5
:’O +0,,{—fr0'&‘_t_ 4+ - -
3!
4. Consider the initial value problem
du
5 =2 u(0) = 1. (1)

(a) Write the Forward Euler formula for y,4, corresponding to the given ODE.

uw+
O

@ (b) Using the Forward Euler method, and h = A ¢t = 0.1, fill in the table below. Show

L7 U, + D 2u,

your work!
™ Uny1

=]+ 0.1(2-1) = 1+ 0.(2)
0 1

=\.2

g | w, s Loz - Lz (e
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O [3] 5. The existence and uniqueness theorem for variable coefficient equations is as follows:

Theorem 5: Suppose p(t), g(t), and g(t) are continuous on an interval (a, b)
that contains the point ¢,. Then, for any choice of the initial values Y, and

Y}, there exists on the same interval (a,b) a unique solution y(t) to the initial
value problem

v'(t) +pt) (1) +a®)y(t) = 9(t),  y(to) =Yo, () =M.

Use Theorem 5 to discuss the existence and uniqueness of a solution to the two IVPs
below:

()t -3 +2/ —y =12, y1)=-1, y(1)=2
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O 6. Determine the equation of motion for a mass-spring system governed by

d? /
SF+y=>5cos(t), y(0)=0, y(0)=1

Sketch the solution and name the behaviour.
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O Workspace for problem #6.
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O 7. Find the general solution of the ODE

1, 1
2"

Use fractions, not decimals, in your work and answer.
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8. Using the method of Laplace transforms, solve the initial value problem
O v 5 +ey=e6(t-2),  3(0)=0, ¥(0)=0.
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Some Potentially Useful Information

BRIEF TABLE OF LAPLACE TRANSFORMS

f(#) F(s) = L{f}(s)

1 %, s>0

e sia’ s>a

", n=12, 8:!»1’ s>0

sin(bt) 82_’:_1)2, s>0
cos(bt) s2j-b2’ s>0
e*t", n=1,2,...-(-s—_n—;');ﬁ, s>a
e* sin(bt) -(—;_—;I-I;T_‘—_F, s>a
€® cos(bt) ﬁﬁ?, s>a

BRIEF TABLE OF PROPERTIES OF THE LAPLACE TRANSFORM

C{e*f(t)}(s) = L{f}(s—a)
L{f™} () = "L{FHo) - " F(0) = "2 £/(0) = . = FO7RO)

LIEFO}E) = (-1 3 (LT}
THEOREM: TRANSLATION IN ¢
Let F(s) = L{f}(s) exist for s >a 2> 0. If a is a positive constant, then
L{f(t—a)H(t — a)}(s) = e™*F(s),
and, conversely, an inverse Laplace transform of e~ F(s) is given by
L {e™F(s)} (t) = f(t—a)H(t - a),
where H(t) is the Heaviside function.
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