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Recompression of JPEG Images by Requantization
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Abstract—n this paper, we report a novel heuristic for requan-
tizing JPEG images. The resulting images are generally smaller
and often have improved perceptual image quality over a “blind”
requantization approach, that is, one that does not consider the
properties of the quantization matrices. The heuristic is supported
by a detailed mathematical treatment which incorporates the well-
known Laplacian distribution of the AC discrete cosine transform
(DCT) coefficients with an analysis of the error introduced by re-
quantization. We note that the technique is applicable to any image
compression method which employs discrete cosine transforms and
quantization.

Index Terms—Compression, JPEG image format, quantization,
recompression, requantization.

I. INTRODUCTION

HE JPEG image compression standard [1]-[5] is em
ployed in a large number of image-intensive applications
In some of these applications, requantization is required whefp
the amount of compression needed is unknown in advanc
The Internet provides a good example: with the proliferation o
different clients and connection speeds, it is often not possibl
to knowa priori V\_/hat a suitable compression Ieve_I is. (This r_]as Fig. 1. JPEG Q75 imaggena — 75.
led to the invention of, for example, transformational proxies,
which transform web images on the fly based on real-time
measurements of client properties and connection speec
Ideally, one would like to always work from the original image |
when requantizing since JPEG compression is lossy. Howeve
the original image is not always available: it may no longe
exist or it may be too difficult to retrieve in real time.
Requantizing an already quantized image can lead to see
ingly unpredictable behavior and unwanted artifacts. The fol
lowing experiment can be reproduced using any photo-realisti
image: consider the JPEG image shown in Fig. 1 which was ol
tained by compressing the test image Lena to quality level Q74
where Qu denotes thesth quality setting suggested by the In-
dependent JPEG Group (IJG) [5]. Requantizing the Q75 imag
to Q50, in other words not employing the original, gives the re
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B. Continuous Laplacian Distribution

We collect the transformed coefficients (from Step 3 of Sec-
tion 11-A) for each color component by frequency. There are 64
frequencies, and it is known ([9]-[12]) that the histogram of co-
efficients corresponding to any one of the 63 AC frequencies
resembles aaplacian distribution

Recall that the probability density functionf(x)
of a Laplacian with zero mean and parametér is

f(z) = (A\/2)exp(—Alz|), and that the corresponding
cumulative distribution functiod’(z) is given explicitly by
x 1 H .
_ _ | s exp(Az), if z <0;
Fa) = /_Oo F(t)dt = { 1 — fexp(—Az), ifz>0.

Let X be a continuous random variable with probability func-
tion f. Then the expected value of is E(X) = 0, and the
variance ofX is known to bel ar(X) = 2/A? [11], [12].

Comparing the distribution of the DCT coefficients to a
Laplacian distribution requires care — the former is discrete,
while the latter is continuous.

Fig. 3. JPEG imagkena — 75 — 48, requantized fronlena — 75 to Q48.
C. Discrete, Dequantized Laplacian Distribution

The Q48 image is perceptually much closer to the Q75 imageWWe now focus on the distribution of the dequantized DCT
than the Q50, yet is 37% smaller. In other words, this expefioefficients. For a fixed AC frequency and a fixed color compo-
ment shows that the 1JG quality rating scale is not perceptualignt, lety € N* = {1,2,3, ...} be the correspondinguantizer
monotone. Similar phenomena were observed and discusse&i@, the quantization matrix entry associated with the fixed fre-
Chan in [6] and [7]. quency) and

In this paper we present a new heuristic algorithm that requan-
tizes any JPEG image to one whose quantization matrices ap-
proximate fixed, user-specified quantization matrices so that the

artifacts observed in the previous example are avoided. Our @-thedequantizedCT coefficientsj.e.: the original image is
proach has application not only to the JPEG image compressiQititioned inta/ 8 x 8 blocks, and theuantizedDCT coeffi-
standard, but to any method which employs a DCT-based traggents arey;, 7s,...,7; € Z = {0,1,—1,2,—2,...}. We view

form step, such as the popular MPEG 1, MPEG 2 and MPE%{H Ya2,...,Ys @s a random Samp|e of sizetaken by the dis-

y1=4-m, Y2=4q-mN2, ---, Yr=4q-7Nj

video coding algorithms [8, Sections 6.1, 6.4, 6.5]. crete random variable

The paper is organized as follows. The Laplacian distribu-
tion of the AC DCT coefficients is discussed in Section Il. In X
Section Ill, the effect of requantizing an integer in two steps is Y =g round (-)

studied. The error introduced by dequantizing a Laplacian dis-

tribution twice is analyzed in Section IV and applied to JPEG proposition 1 ([13], [14]): Let p, be the probability density

images in Section V. Section VI contains a detailed descripti®finction associated with the discrete random variabl&hen
of our new heuristic algorithm.

(n) 1—exp<_T>‘q), if n=0;
Pq\nq) =
II. DISTRIBUTION OF JPEG DCT ©EFFICIENTS a exp(—Ag|n|) sinh (%) . ifnez\ {0}
A. Main Steps of JPEG Image Compression
. . . Moreover, E(Y) = 0 and Var(Y) =
1) The image is separated into three color components. (¢% cosh(Xq/2))/ (2 sinhQ(/\q/Z)). 0

2) Each componentis partitioned into nonoverlapping 8
blocks.

3) Each block is transformed using the two-dimension
Discrete Cosine Transform (DCT).

4) Each transformed block is quantized with respect to anOur method of choice for estimating the Laplacian param-
8 x 8 quantization matrix, which can be chosen indepeseter A from the observed dequantized DCT coefficiegts=
dently for all three color channels. m-q,y2="12-q,...,y5 = ns - q (see Section II-C) is the fol-

5) The resulting data is compressed, using Huffman or arittowing result of Price and Rabbani, whose original formulation
metic coding. considered the quantized coefficients

B. Maximum Likelihood Estimation of the Laplacian
Parameter\
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TABLE | iv) even multiples over estimate: let € N* be eveng, =
STATISTICS OF THEML ESTIMATES OF A mqo, andl < z < [. Then eithery; = z1 + ¢ if
.. q 4 q
minimum 0.0129 51 - LEOJ Sz < 31 -1
1% quartile 0.0710 ory, = x1, otherwise.
: v) Letm € N* be eveng; = 1 + mgqo, andl < z < [.
median 0.1240 Theny; = z1,if 2 < (1 +1)/2; andy; = 21 — ¢, if
3'd quartile 0.2115 o+l o n-3 + [q_o-l
2 - - 2 21
maximum 1.3794 The error for larger: is more complicated. O
mean 0.1788 The overestimatiorir_l Proposition 3._(i_v) comes from the fact
that the “round” function rounds positive half-integens For
standard deviation | 0.1910 generalgy < ¢1, the problem of concisely and usefully deter-

mining the difference:; — y;— without actually computing it
— is quite difficult. Therefore, we will discuss numerical ap-

Proposition 2 (Method of Maximum Likelihood) [13]’proaches to this problem in Section IV.

[14]: Let « be the number of indiceg € {1,...,J} with
yj = 0,0 =J—a,andp =25, |n;|. Then IV. DEQUANTIZATION: ERROR AND ENTROPY

o __21 V2t 4p—Bp+J) —a FOR THE LAPLACIAN
ML == 2(J + p) Since the distribution of each DCT AC coefficient is well
i i . , approximated by a Laplacian (Section II-C), recompressing
is theMaximum Likelihood estimatder A. (If 4 = 0, thenvi 5 jpgG image by requantization leads to questions about the
becomest-co.) i , i behavior of the error resulting from dequantizing a Laplacian
We considered eight standard  image§yice. |n this section, the problem of determining the error is
(bird,boat, camera, frog, goldhill, Lena,mandrill, and ,qe mathematically precise and tackled numerically. We also

peppers, taken from [15]), and compressed each to quality,ngiger the entropy of the twicely dequantized Laplacian.
Q100, Q90, Q80, Q70, Q60, and Q50, yielding a total of 48

test images. Using Proposition 2, we estimated the Laplacian Mathematical Description
parameten\ by the Method of Maximum Likelihoodfor each . : .
- L : . Fix a Laplacian parameter > 0, andgo, ¢ € N*. The error
DCT AC coefficient. The statistics, summarized in Table Imade by dequantizing € Z in two steps is qiven b
forms the basis for the numerical experiments in Section IV. y deq ng psisg Y
round (q%)

I1l. D EQUANTIZATION: DIRECT VERSUSDETOUR en =qp -round | qo - qi —n.
1

We now consider the problem of dequantizing twice, which_

occurs implicitly in the process of recompressing JPEG imaged'ce the dequantization convention in JPEG [5] is defined in
by requantization. terms of nonnegative values, it suffices to consider the case

Supposey, and g1 belong toN* with go < ¢1. Let = be When_n > 0. Employing Eroposition 1 (witlp = 1) and its
in N*. Compare thalirect dequantizatiomf = with respect to Notation, we see that tii@eighted absolute) erranade by de-
g1, i.e.,.2 — ¢ - round(z/q,), to thetwo-step dequantization 9Uantizing the given Laplacian in two steps is
of z with respect tog;, preceding ddetour” via ¢y : = — e=2 Z p1(n) |en] .
¢1 -round(go - round(x/q0)/q1). We think here of, andg¢; as nEN
_entries of the qugntizati(_)n tables of the_ (_)Id and new requantizeqr definition ofe,, is simpler than that of Chan [6], which
images, respectively, with both quantizing the same AC entgbmpares the outcome of dequantizing twice to the result of de-
Numerical experiments suggest that the difference between figntizing directly; we believe our approach more closely re-
two dequantizations cannot be described more easily exceptdgiples the actual requantization environment, as one typically
special cases. Some basic properties are summarized in the fgs to be close to the original. However, we employ her key

result. _ idea of breaking up the error into two components: we write our
Proposition 3  (Direct versus Detour) ([14])L€t errore ase = e, + e, wheree, ande_ are both nonnegative
z1 = q - round (z/q1), yo = qo - round (z/qo), and and measurincreaseanddecreasén amplitude, respectively.

y1 = q1-round(yo/q1). Letl = lcm(qo, q1), the least common e components are given by
multiple of gg andg;. Then:

. =2 » and
) z1—y1 € {_(]170-/ +(]1}- o NZ Opl(n)e

i) If =241, thenz; = z1 + [ andyy = o1 + L. neENTIn>

iiiy If m e N*is odd andy; = mqo, thenz; = ;. e =2 Y pi(n)|enl.

neN*:e,, <0
1The Kolmogorov-Smirnov test shows that the Maximum Likelihood estix . . .
mator is superior to estimators that are based on the Method of Moments; M€ thate, e, ¢ all depend implicitly o\, go, ¢1. With these
[14] for details. definitions, we can now interpret the two-stage dequantization
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of the Laplacian within the context of JPEG imagéshe com-
ponente, (resp.e_) dominates, then the amplitude increas
(resp. decreases) and we thus expect the image dequantiz
two steps to be grainier/sharper (resp. blockier/smoother) th
the original.

Keeping andq fixed, one would expect that these error
are increasing functions qf . Surprisingly, this is not the case;
hence we ideally aim to fintébcal minimizersand in this way
the problem of requantizing thus amounts to finding> ¢
such thaty; is a local minimum of these error measures. As th
appears to be intractable analytically, we will reason nume
cally.

It will be illuminating to track the entropy of the doubly de
guantized Laplaciah.Let X be as in Section |, and define dis
crete random variables

Y = qo - round <£> and Y = ¢; - round (K) .

qo0 q1

Proposition 1 (withg = ¢o) provides an explicit formula for

the probability density function correspondingito While the

probability density function corresponding Yg which we de-

note byp, admits no closed form, it can easily be computed nu-

merically. Theentropyof the corresponding doubly dequantized ~ Fig. 4. A = 0.0710 (first quartile), errore, , maximum entry 11.8.
Laplacian is now defined by

h==> B(n)In(p(n))

nez
where0 - In(0) = 0 by convention. Note thdt depends implic-
itly on A, qo, ¢1. Analogously to the preceding discussion of th
error, we are interested in the behaviormef where andqg
are fixed buty; > ¢ varies—as a measure of compressabilit

B. Numerical Experiments: Approach and Results

To study numericallye, ey, e_, andh as functions ofy;,
we require a sensible range for the Laplacian parametand
a suitable point of truncation. In view of Table |, we choos|
the range of\ to be [0.01, 2], while the point of truncation
is selected to conform with the following fact that the JPE
image format implicitly constrains the range of DCT coefficie
values:

Proposition 4 [14]: SupposeX is an 8 x 8 integer matrix
with values in{0,1,2,...,255}, and letY” be the two-dimen-
sional DCT ofX. Then the magnitude of every AC DCT coef
ficient is never larger than 1020. O

Therefore, we considered various values\af [0.01, 2]; for
the corresponding Laplacian distribution with frequepegn)
(see Proposition 1 with = 1), we truncated the distribution at ~ Fig. 5. A = 0.0710 (first quartile), errore_, maximum entry 14.1.
1020 and renormalized.

We computed the errors of Section IV-A numerically, for aIIWhen these error matrices are calculated using a different dis-

S . )
3(|]3|E{1(13 Itr: N I.W'thtl 3 q& évqtlhg 2‘)‘;" c;)rcrjetf]pondmg.to the yibution, quite different behavior is observed, which underlines
i laszlsr;e S azrgsar 't e in co tﬁc edihe err:)rs.m;n URRE crucial importance of the Laplacian distribution to this phe-
rangutar Xd' X Tr? r]'cxe\g Tehre eqﬁ_, ) er: 1y 1S fe nomenon. These images—along with qualitatively similar error
error corresponding (t)' Ie Ixed The rl_esud l_ngFr_nalrllcEe;s orer- images corresponding to other values\ofvhich we omit for
rorses, e—, e, respectively, are visualized In Fig. 4=, FeSPeG;o i, give rise to the following observations:
tively, for A = 0.0710 (first quartile), chosen because the im-
portant features are more pronounced and hence easier tb SpdThe matrices were created witliUu 0ctave [16]. We used the color map
jet, with range: darkblue (minimum)» blue — cyan— green— yellow —

2We are grateful to an anonymous referee for making this pertinent suggesd — dark red (maximum). To bring out the features far ande_ more

tion. clearly, we displayed the element-wise square root of these error matrices.
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Three types of errors
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Fig. 7. A =0.1788 (mean),go = 5. Red ¢), Green ¢..), Blue (¢_).

Entropy

2

1.8 [

1.6 [

Fig.6. A = 0.0710 (first quartile), error = e + e_, maximum entry 18.2. 14

1.2

« thee errorimages exhibit ridges whenis approximately 08 |

an even multiple ofy, (see Fig. 6); '

* thee, (resp.e_) errorimages exhibit the same ridges (seeo'6 I
Fig. 4 resp. Fig. 5); 04

« this behavior is gradual as increases, with the ridges 02 1

disappearing more quickly. ]
Figs. 4— 6 give us a good view of the overall behavior. It is
instructive to inspect a fixetbw of the error matrices, i.e., the
error curves for fixed\, ¢o and varyingg;, and to observe the Fig. 8. \ = 0.1788 (mean)o = 5, entropyh.
striking split of e into the components, ande_. See Fig. 7,
where\ = 0.1788 (mean) andy; = 5. We point out that the . ,
characteristics of fixedbwsand also fixedcolumnsof the error intervalsfmgo + 1, (m + 2)qo], and there is a sharp drop
matrices can be used to explain requantization phenomena re-. betweerm_qo andmqo + 1, Wherem e M. _ _
ported by Chan [6] for quotients /¢, close to 2, 3, or 4. iiiy The (amplltudg-reducmg) errar_ is ov_er_all increasing
Handling the entropy: analogously, we conclude that and approaching. More significantly, it is nearly con-

. stant on intervalgngo + 1, (m + 2)qo], with a sharp rise
. .the entropyh depreases to 0, with marked drops wlen betweenngo andmgo + 1, wherem, € M.
is an even multiple ofy.

: ) iv) The entropyh (a measure of compressability) is de-
See Fig. 8, wheré. = 0.1788 (mean) andj, = 5 (which are creasing to 0, with a particularly sharp drops between
the same parameters as those used in the generation of Fig. 7). ;4 andmg, + 1, wherem € M.

0 10 20 30 40 50 60 70 80 90 100
94

Note that the sharp changeseaf (resp.e_) in (i) (resp. (iii))
V. REQUANTIZATION ERROR FORIJPEG MAGES of Observation 5 parallel the errors of two-step versus direct re-
guantization in item (iv) (resp. item (v)) of Proposition 3. Ob-
servation 5 has the following consequences for recompressing
The numerical results of Section IV-B lead us to postulate tt°EG images by requantization.

A. Key Observations

following. Observation 6 (consequences for Recompression): The quo-
Observation 5: Suppose\ andg, are fixed, and denote thetient ¢, /qq is crucial:
set of positive even integers Y. Thene, e, e_, h, viewed « there is a sharp divide in the type of error and in the rate
as functions ofj;, satisfy the following. of compression for values ¢f in the vicinity of an even
i) The total error is monotone increasing, with the excep- multiple ofqg, sayq: =~ mqq, Wwherem € N* is even;
tion of “dippers” around pointg; = mqy + 1, where * recompressing witl;; = mgqy or less is amplitude inten-
m € M. sifying and thus sharper/grainier images are obtained;
i) The (amplitude-intensifying) erroe is overall de- * recompressing witly; = mqo + 1 or more is amplitude

creasing to 0. More importantly, it is increasing on reducing and so smoother/blockier images are received;
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* recompression witly; = mgqo + 1 or more yields signif- An interesting topic for further research is the design of an al-
icantly better compression rates than recompression wigorithm that would not only possess the perceptual qualities of
q1 = mqo or less. the present algorithm but that would also allow to specify the

desired compression rate in advance.

B. An Example: The Introductory Images Revisited

Recall that the image given in Fig. 1 is of quality Q75. BXI?. Heuristic Algorithm (Implemented and Experimentally

Observation 6, the crucial ity i -Wi i ?Iidated Version)

, quantity is the element-wise quotien

of the new quantization matrix divided by Q75. It turns out that In Section VI-A, we had to consider separate casesifl and

all entries of these element-wise quotient matrices Q50./Q¥3ven) to avoid the increase in amplitude. However, it is pos-
and of Q48./Q75 are very close to 2: specifically, 55.6% arfdble to unify these cases by modifying the rounding convention
12.7% of Q50./Q75 and of Q48./Q75, respectively, are equal4sed in the requantization, resulting in the following heuristic
2, with 44.4% of Q50./Q75 slightly less than 2 and 84.1% d¥gorithm:

Q48./Q75 slightly greater than 2. First computek: as in Section VI-A% = [ghound/qo]. Sec-
In view of Observation 6, and compared to the given imagdly, defineg; by

shown in Fig. 1, we thus predict the image shown in Fig. 2, g, ifk=0;

corresponding to Q50, to be much sharper/grainier, and the Q= {kqo, if k> 0.

image shown in Fig. 3, corresponding to Q48, to be mucI*h div. b ) Il f . bl .
smoother/blockier. This is precisely the case; in fact, we petl- irdly, by treating all frequencies, assemble a new quantiza-

ceive the Q48 version as smooth, and the Q50 version as graitig?! Matrix Q1. Finally, requantize the given image with re-
Most importantly, the Q48 version appears to be perceptual ecttaQ), bqt obser_v_e anod|f|_ed rounding conventiomhich
closer to the original than the Q50 version. Moreover, afUnds genuine positive half-integets/¢, 3/2, ... ) down (to-
predicted and already pointed out in the Introduction, the Q4%2rd zero)

version is substantially smaller in file size than the Q50version.We performed su_bjectlve_ tests to validate our predicted
results: we asked nine subjects to compare the implemented

heuristic algorithm of Section VI-B to a blind requantization
using theMean Opinion Scoreating from [17]. For all subjects,

We now present a heuristic algorithm for recompressinge heuristic algorithm performed at least as well as a blind
JPEG images that avoids the aforementioned “grainy” artifactsquantization over most images, but noticeable improvements
and seeks “smooth” artifacts instead. Proposition 3 and Ségthe subject’s ratings were observed for images in which the
tion IV-B show that the situation where the new quantizer aforementioned nonmonotonicity in the 1JG quality rating scale
is (close to) an integer multiple of the old quantizgr say had been observed, thus confirming our predicted results. A
q1 = mqo for somem € N*, is special: in fact, ifn is odd, detailed discussion of our experiments can be found in [14].
then the “detour” viag, does not affect the resulting image
(Proposition 3.(iii)). However, ifim is even, then recompres- VII. CONCLUSION
sion is very sensitive, with strong amplitude increase (resp.

decrease) fog; = mqo (resp.qg1 = mqo + 1). images. We formulate and study this problem by utilizing

Now suppose we need to recompress a given (already Cow- . S L
. . . the Laplacian distribution of the DCT AC coefficients and
pressed) JPEG image. ASSUM(fesp.iouna) is the original by splitting the error made during requantization into ampli-

(resp. target) qgantlzqtlon matrix, respect[vely. Usmg.these tvtvude-increasing and amplitude-decreasing components. Our
matrices, we wish to find a new quantization matjx, in the

vicinity of Quouna, in order to requantize the given image. FoanaIyS|s explains the surprising perceptual nonmonotonicity of

i i ; the 1JG quality scale and also the apparent content indepen-
a fixed frequency, denote the corresponding quantizergby dence of some requantization phenomena reported by Chan
Jbound, andgy, respectively.

[6]. Moreover, it leads to an experimentally validated algorithm
for finding new quantization matrices for recompression.

VI. CONSEQUENCES FOHRECOMPRESSION

In this paper, we consider the problem of requantizing JPEG

A. Heuristic Algorithm (Preliminary Version)
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